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a) Time history

b) FFT spectra of time history

c) Autocorrelation of time history

d) Pseudophase portrait of time
history

Fig. 3 Periodic response measured from the accelerometer at the tip
of the beam in the out-of-plane direction with excitation frequency
9.6875 Hz.

a) Time history
b) Pseudophase portrait of
time history

Fig. 4 Amplitude modulated response measured from the accelerom-
eter at the same location as in Fig. 3, with excitation frequency 9.8 Hz.

frequency of the lead/lag mode was found to be 9.82 Hz. Figure 3c
is a portion of the autocorrelationof the time history. It shows that
noise is not appreciable.The minor loss of correlationindicates that
the motion is nearly periodic. One-quarter of the natural orbital pe-
riod is chosen to get an open pseudophaseportrait. Figure 3d is the
pseudophase portrait created following the time delay embedding
procedureoutlined by Broomhead and King.4 An embedding delay
of three was used for this case.

The excitation frequencywas then increased to 9.90 Hz. The ex-
citation amplitude was held constantby monitoring the output from
the load cell and manually adjusting the input voltage to the exciter.
Figure 4a is a time history again recorded from the accelerometer
near the free end of the beam in the � apping direction. It clearly
shows a beatinglike appearance typical of an amplitude modulated
response.The time history in the lead/lag direction(not shown)has a
similar appearance.A pseudophaseportraitof the responseis shown
in Fig. 4b usinganembeddingdelayof four. In this case the thickness
of the ellipse arises more from the amplitude modulation of the re-
sponse than from the noise.The amplitudeand period of modulation
can be approximatedby the motionof a point on a torus.5 A Poincaré
section of the response would be more de� nitive in determining the
aperiodicityof the response.However, one could not be constructed
in this casebecausethedata werenot sampledat a suitablefrequency
such as an integer multiple of the excitation frequency.

III. Conclusion
A periodic and a limit cycle response of a cantilever beam at-

tached to a rotating body subject to a harmonic excitation has been
presented. The experimental measurement of these motions sup-
ports a theoreticalstudy that predicts a variety of nonlineardynamic
responses.
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Introduction

C LASSICAL inviscid and quasiparallel linear stability theory
(LST) cannot account for the natural divergence of jet � ow.

Because of an accumulation effect, incomplete upstream informa-
tion could lead to inaccuratepredictionsdownstream.Crighton and
Gaster1 and Plaschko2 accounted for the diverging effect by the
multiple-scales method; however, this is subject to inherent nu-
merical dif� culties when neglectingviscosity.Furthermore, neither
method can account for the possible distortion of instability wave-
forms near the jet exit, which could largely in� uence downstream
instabilities.A newly developedmethodcalled parabolizedstability
equations (PSE)3–6 has been used to analyze the streamwise evolu-
tion of instabilitywaves in � ows that are highly unidirectional,such
as boundary layers and free shear layers. That the PSE analysis is
able to fully account for the nature of divergingmean � ow and to re-
solve the evolvinginstabilitieswithoutnumericaldif� cultiesas seen
in LST has made PSE an alternative tool in dealing with jet insta-
bilities at relatively low computationalcost comparedwith schemes
based on direct numerical simulation or large eddy simulation.

PSE for Axisymmetric Flow
Yen and Messersmith7 provide details of the PSE derivation in

cylindrical coordinates for a viscous incompressible circular free
jet � ow. The mean pressure gradients in the axial and radial direc-
tions have been discarded because a free jet is considered. For a
diverging mean � ow, the solution in terms of LST is not strictly
justi� ed because the coef� cients of the linearized stability equa-
tions depend weakly on the axial location z. Both the amplitude
function and wave number exhibit streamwise variation due to the

Received May 30, 1997; revision received April 5, 1998; accepted for
publication April 17, 1998. Copyright c° 1998 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤Graduate Research Assistant, School of Aeronautics and Astronautics.
†Assistant Professor, School of Aeronautics and Astronautics; currently

Project Engineer, Nozzle Technology, Pratt and Whitney, M/S 731-02, P.O.
Box 109600, West Palm Beach, FL 33410-9600.Senior Member AIAA.



1542 AIAA JOURNAL, VOL. 36, NO. 8: TECHNICAL NOTES

nonparallel mean � ow. Following procedures similar to those em-
ployed by Herbert8 for two-dimensional boundary-layer � ows, we
retain the decompositionof the solution vector q0 D [u0; v 0; w0; p0]T

into an amplitude function q D [u; v; w; p]T and a wave function X
and write the disturbances in the form

q0.r; Á; z; t/ D q.r; z/X .z; Á; t/ (1a)

X D expfi [¡!t C nÁ C ´.z/]g; ´z D ®.z/ (1b)

where ! is the real angular frequency, t is the time, the integer n is
the azimuthal instability mode, and ®.z/ is the streamwise varying
complex wave number.

The nondimensionalizeddifferential equations for the instability
wave amplitudes are

Du C .u=r/ C .inv=r/ C i®w C wz D 0 (2a)

..¡.1=Re/fD2 ¡ [®2 C .n2=r 2/]gu C i [®W ¡ ! C .nV=r/]u

C [.1=r 2 Re/ ¡ .D=r Re/]u C [.2in=r 2 Re/

¡ .2V=r/]v C Dp// C fDUu C Uzwg C f[W ¡ .2i®=Re/]uzg

¡ fiu®z=Reg D uzz=Re (2b)

..¡.1=Re/fD2 ¡ [®2 C .n2=r 2/]gv C i [®W ¡ ! C .nV=r/]v

C [.V=r/ ¡ .2in=r 2 Re/]u C [.1=r 2 Re/ ¡ .D=r Re/]v

C u DV C .inp=r /// C [U Dv C .Uv=r/ C Vzw]

C f[W ¡ .2i®=Re/]vzg ¡ fiv®z=Reg D vzz=Re (2c)

..¡.1=Re/fD2 ¡ [®2 C .n2=r 2/]gw C i [®W C .nV=r/ ¡ !]w

¡ .Dw=r Re/ C u DW C i®p// C fU Dw C wWzg

C f[W ¡ .2i®=Re/]wz C pzg ¡ fiw®z=Reg D wzz=Re

(2d)

where D D @=@r and the perturbations are subject to the boundary
conditions at r D 0,

@u

@r
D @v

@r
D 0 for n D 1; u D v D 0 for n 6D 1

(3a)
@w

@r
D @p

@r
D 0 for n D 0; w D p D 0 for n 6D 0

(3b)

and at r ! 1,

u; v; w; p ! 0 (3c)

There are four groups of terms on the left-hand side of Eqs.
(2a–2d). Each group represents a different contribution to the
streamwise evolution of instability waves. Similar groupings were
also found in the derivation of PSE for two-dimensional boun-
dary layers.8 The terms in the � rst group are identical to those ap-
pearingin the stabilityequationsforparallel � ow, i.e., no streamwise
dependency.The second term accounts for the streamwise changes
of the mean � ow. The third group consists of the streamwise gra-
dients of the amplitude functions q. The last group originates from
the streamwise changes of the wave number ®.

Once an appropriate function for the spatial wave number ® is
adopted, the streamwise variationof q0 is essentiallyabsorbed in the
wave function X , whereas the derivatives qz; ®z; qzz , and ®zz and
the productsqz®z are small. Hence the parabolizationis obtainedby
ignoring the terms on the right-hand sides of Eqs. (2a–2d), leaving
an initial-boundary-valueproblem. The set of resulting parabolized
stability equations is alternativelywritten in a compact form:

Lq C M
@q
@z

C d®

dz
Nq D 0 (4)

where the operators L , M , and N act only in r . By inspection,
Eq. (4) can be solved by a marching scheme suitable for parabolic
partial differential equations.However, the unknown wave number
® appearing in the operators L , M , and N makes Eq. (4) ill posed
unlessan appropriatealgorithmis used to update® at each marching
step. Because q is a function of both r and z, ® also has a radial
dependence. This dependence can be eliminated by an integration
scheme using

®new D ®old ¡ i Ä
q¤qz dr

Ä
jqj2 dr

(5)

where the asteriskdenotes the complexconjugateand Ä is the radial
domain. In the current study for axisymmetric � ow, the constituents
of q used to update ® in Eq. (5) are composed of perturbationvelo-
city components [u; v; w]T . It is noted that differentnormalizations
are also possible in terms of different constituents of q but lead
to different partitions of streamwise dependence between ®.z/ and
q.r; z/ in Eq. (1a) (Ref. 9). The overall effect on the physicalsolution
q0 is small.8

A fourth-ordercentral � nite differencemethod is employed in the
radial direction to obtain suf� cient spatial resolution within the jet
shear layer. The streamwise derivative is approximated by forward
� nite difference form. The system is solved by iteration using a
predictor–correctorapproach.In the solutionprocedure,an iteration
sequence begins using ®0

j C 1 D ® j , allowing q0
j C 1 to be found, and

then subsequentlyEq. (5) is used to update the wave number:

®m C 1
j C 1 D ®m

j C 1 ¡
i

1z j

Ä
qm

j C 1

¤
qm

j C 1 ¡ q j dr

Ä
qm

j C 1

2
dr

(6)

where m is the iteration index and j is the streamwise step index.

Results and Discussion
Rather than numerically solving the governing equations for the

mean � ow, an empirical correlation from Crow and Champagne10

is used for the computations. In its analytical form, the mean � ow
pro� le is expressed as

W .r; z/

W j
D 1

2
1 C tanh

1
4

R j

µ

³
R j

r
¡

r

R j

´
(7)

where µ is the local momentum thickness and µ=R j D 0:03z=R j C
0:04. The physical domain of interest starts at the nozzle exit, or
z D 0. The corresponding initial conditions are generated in terms
of classical linear stability analysis with a quasiparallel � ow with
µ=R j D 0:02 in which a step-adaptive, Runge–Kutta integration
scheme is involved. This eigensolution is then run through the PSE
analysis embedded with the nonparallel mean � ow. After sharply
decaying transients, the spatial instability of the shear layer at z D 0
with µ=R j D 0:04 is readily found, thereby allowing the diverging
� ow effect to be fully accounted for in the downstream evolving
instabilities.

Preliminarycomputationsof the PSE for jet � ow exhibitan unsta-
ble marching condition when the marching step size 1z is smaller
than 1=®r . A similar situation was also observed by Li and Malik11

for incompressible two-dimensional boundary layers. Malik and
Li12 also showed that neglecting the streamwise perturbation pres-
sure gradient pz does not introduce any serious error and allows
smaller step sizes to be used. This argument is also justi� ed in the
current study and, therefore, adopted throughout all computations
to obtain better streamwise resolution.

The PSE in cylindrical coordinates was initially compared with
the inviscid quasiparallelsolution from LST. The PSE was found to
closely match the predictions from LST when a parallel � ow was
used. When the diverging mean � ow was inserted, the difference
betweensolutionsfrom PSE and LST becameclear.The PSE results
also compared favorably to existing experiments and theories. In
the prediction of inviscid pressure gain along the center of shear
layer, over a range of frequencies and at the � rst three azithumal
numbers,thegrowthhistoryof perturbationpressuresis successfully
resolved by the PSE, and the dominant instability modes can be
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Fig. 1 In� uence of Reynolds number on a) pressure gain and b) phase
speed in the jet shear layer for Sr = 0:3 and n = 0; 1, and 2.

readily identi� ed. For the same conditions, the evolution of inviscid
phasespeedsat thecenterof the shear layer is alsocaptured.The PSE
accurately predicts the streamwise variation and the axial positions
where the phase speeds become nondispersive. A more complete
discussion can be found in Ref. 7.

The effect of viscosity was also studied. Figures 1 and 2 show
the effect of viscosity on the pressure gain and phase speed of per-
turbation pressure in the center of the jet shear layer for Strouhal
numbers of 0.3 and 0.5, respectively. Viscosity is accounted for
through the Reynolds number. In general, increasing viscosity (or
loweringReynoldsnumber) stabilizesthe disturbance,implying that
the inviscid solution will predict the greatest growth rates. Indeed,
for Sr D 0:5 (Fig. 2), decreasingthe Reynoldsnumber shifts slightly
upstream and attenuates the peak pressuregain for the � rst three az-
imuthal modes. The phase speeds follow expected trends. Similar
results were also observed for Sr D 0:7.

However, this is not the case for Sr D 0:3. As can be seen in Fig. 1
for n D 0, Re D 5 £ 103 is found to produce greater ampli� cation of
the disturbance in the middle portion of the jet potential core than
Re D 1. For n D 1, although the clear emergence of a preferred
Reynolds number is not seen, there is a region at z=R j D 7 where
Reynolds numbers from 5 £ 103 to in� nity produce essentially the
same pressure gain. These results indicate that instabilities in the
developing shear layer can be selectively enhanced at Reynolds
numbers that are quite common to many engineering devices and
� ow processes. Although these results are akin to the results of
Morris,13 there are some important differences. Morris considered
three different mean velocity pro� les in three different locations
to model the diverging � ow effect of a natural jet. At each loca-
tion, though, the numerical solution assumed locally parallel � ow,
i.e., no streamwise dependence on the wave number. Morris found
sensitivity in the local ampli� cation rate to low Reynolds numbers
for only n D 1 in the far-� eld jet pro� le, where it is unclearwhether
the predictedampli� cation is actually achieved in the absolute sense
or simply due to the normalization of the equations to the decaying
centerline velocity. Morris did not observe the same phenomena in
the jet near � eld and the fully developedannular jet mixing region.

In the current study, it is important to note that the observed
sensitivity of the disturbance to Reynolds number is not predicted
simply at the local level but survives the accumulated in� uence of
the spatially evolving jet � ow� eld through the jet potential core. In

Fig. 2 In� uence of Reynolds number on a) pressure gain and b) phase
speed in the jet shear layer for Sr = 0:5 and n = 0; 1, and 2.

particular, from about z=R j D 3–7 the evolution of the n D 0 phase
speed for Re D 5 £ 103 is lower than for the larger Reynolds num-
bers at Sr D 0:3. This is an indication that the local growth rate
is more sensitive to the lower Reynolds numbers. When compared
with the accumulatedpressuregain for the same conditions(Fig. 1),
the region of Reynolds number sensitivity is broadened to roughly
z=R j D 3–9, illustrating the lingering in� uence of the spatially de-
veloping� ow� eldcapturedby thePSE solution.The complexnature
of the spatially evolving disturbanceand how the local growth rates
integrate to form the total pressure gain can be appreciated when
considering the n D 1 and 2 helical modes of Sr D 0:3. The local
phase speeds indicate regions of slight Reynolds number sensitivity
from z=R j D 6–10 for n D 1 and for z=R j ¸ 8 when n D 2. The pres-
sure gain pro� les shown in Fig. 1 do not clearly indicate this effect,
but the suggestioncan be seen in the nearly identicalresponse in the
pressure gain for all Reynolds numbers from z=R j D 6–8 for n D 1
and beyond z=R j D 10 for n D 2.

Conclusion
The linear PSE have been successfully developed in cylindrical

coordinatesfor the predictionof instabilities in a spatiallyevolving,
incompressible, isothermal, round jet. The results compare quite
well with existing theories and experiments. The implementation
is easier than the inviscid multiple-scales method, avoiding dif� -
culties in the numerical integration.The PSE analysis is capable of
capturing the expected eigensolution over the streamwise domain
to the end of the jet potential core where the growing jet shear layer
is less capable of supporting the ampli� ed mode. In this sense, the
PSE formulation permits the accumulated in� uence of the devel-
oping jet � ow to be captured in the solution of not only the local
wave number and phase speed but also the integrated gain in the
perturbationquantities.

The appearance of a preferred Reynolds number (below the in-
viscid limit) and Strouhal number combination for the maximum
instabilityampli� cation representsan intriguingresultof the current
PSE study. Effects of this nature have been predictedby Morris13 in
a more restrictedanalysis.The PSE not only capturedthis sensitivity
to viscosity on a local level through the local phase speed but also
illustrated the broadening (in a streamwise sense) of the region of
sensitivity due to the accumulation effect associated with retaining
several streamwise derivative terms in the PSE formulation.
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Introduction

T HE lack of a universally accepted method to account for ve-
locity bias in individual realization laser Doppler velocimetry

(LDV) at all data densities1 has led to renewed investigationsof the
practicalperformanceof variouspostprocessingcorrectionmethods
in different turbulent � ow� elds.2¡5 By and large, separated turbu-
lent � ows (forward/backward-facingsteps,pipeexpansions,or body
wakes)havebeenused as the test � ow in suchstudies.However,one-
and two-component LDV is commonly used in the investigationof
much simpler wall � ows, where the impact (or lack of impact) of
velocity bias correction on overall mean � ow characteristics (such
as the friction velocity or the von Kármán constant) is relevant and
not easily ascertained from previous investigations.

In the present work the performanceof several velocity bias cor-
rection methods is evaluatedby applying them to a data set obtained
with three-component LDV in a fully developed, smooth-walled,
open-channel turbulent water � ow. In this Note emphasis is placed
on the experimentaldeterminationof the mean streamwise velocity
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pro� le hui (angle brackets denote ensemble averaging), the kine-
matic Reynolds shear stress pro� le hu 0v 0i (primes denote � uctua-
tions about the mean, and v is the component normal to the wall),
the friction velocity u¤, von Kármán’s constant · , and the intercept
of the wall log law. This classicalturbulent� ow is well suited for this
study of velocitybias because it approximatesmany turbulent� ows
in its overall characteristics, with turbulence intensities (as mea-
sured by the local streamwise rms and mean velocity) ranging from
approximately 40% near the wall to a few percent in the core � ow.
The popular McLaughlin–Tiederman2 inverse velocity bias correc-
tion methods (one, two, and three dimensional), interarrival time
weighting (IA), the empirical Gaussian probability density func-
tion (PDF) correction method (GPC) of Nakao et al.,3 and straight
ensembleaveraging(no correction;NC) are chosen for comparison.

In the most recently reported bias studies by Gould and Loseke4

and Herrin and Dutton,5 two-componentLDV was employed in the
investigationof the shear layer downstream of a low-speed axisym-
metric suddenexpansionand downstreamof a backward-facingstep
in high-velocityseparated� ow, respectively.Gould andLoseke con-
cluded that the most effective scheme for reducing velocity bias in
the computed mean velocity was the method proposed by Nakao
et al.,3 termed the velocity PDF shape correction technique. The
two-dimensional inverse velocity bias method performed well at
low turbulencelevels and gave some indicationsof success at higher
turbulence levels for high data rates. The data densities1 were not
reported. Herrin and Dutton carried out a similar but more exten-
sive study and concluded that the time-between-data (sample and
hold or interarrival time) schemes were very effective, whereas the
two-dimensional inverse velocity weighting method compared less
favorably,especiallyat high turbulenceintensities.The data density
(based on the integralscale of the turbulence) was estimated to be in
the low range. The present study includes both the PDF shape cor-
rectionand IA time methodsin additionto othersand utilizesa lower
turbulenceintensity,unseparated,fully developedturbulent� ow for
the investigation.In the presentstudy the data density(as de� ned by
Edwards1) varied between 0.2 and 0.5 for all reportedmeasurement
locations, which is in the intermediate range, 0.05–5.0, according
to Edwards.

Results and Comparisons
Details of the � ume facility, the three-component LDV system,

the � ow conditions, and the measured velocity � eld statistics are
given elsewhere.6 For the present investigation,in an effort to make
the comparison between bias correction schemes more straightfor-
ward, accuracyandprecisionerrorcontributions(thatwouldobscure
the bias correction effects) were overcome by using the same set of
measured Doppler frequencies for all bias correction method cal-
culations. That is, although fringe bias, � lter bias, particle tracking
errors, etc., may be present, exactly the same set of frequency mea-
surements (2048 measurements per point at 80 different positions
above the smooth wall) was used for all correction method calcu-
lations. Consequently, the variations that are reported between the
different methods are entirely and exclusively due to the correction
methods themselves.Because the data densitywas too low for equal
time interval sampling to be effective and because no other inde-
pendent (and bias-free) set of measurementswas available (e.g., hot
� lm velocimetry), the three-dimensional McLaughlin–Tiederman
inverse velocity correction scheme was chosen as the reference
method. This method, at least, utilizes all three components of the
measured velocity vector, whereas the other methods either ignore
the spanwise component or employ convenient assumptions to ac-
count for it.

To demonstrate the presence of bias in the LDV measurements
if no correction is employed, the mean streamwise velocity was
computed by straight ensemble averaging. The result is shown in
Fig. 1, together with the bias predicted according to the theory of
Dimotakis.7 This prediction, derived under the assumption of low
transverse(v and w) velocitiesand lowstreamwise,u 0=hui, intensity,
is given by

huibias ¡ hui
hui

D ¾u

hui

2

(1)


